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ABSTRACT 
The p r o b l e m  o f  w e i g h t e d  s e n s i t i v i t y  m i n i m i z a t i o n  o f  
l i n e a r   p e r i o d i c   t i m e - v a r y i n g   p l a n t s   i s   c o n s i d e r e d .  The 
c o n t r o l l e r s  a r e  a l s o  r e q u i r e d  t o  be l i n e a r  p e r i o d i c  
w i t h   t h e  same p e r i o d  as t h a t   o f   t h e   p l a n t .  A f o rmu la  
f o r   t h e   m i n i m a l   w e i g h t e d   s e n s i t i v i t y   i s   p r e s e n t e d ,  
1. INTRODUCTION 
I n   h i s   p i o n e e r i n g   p a p e r  [ill, Zames f o r m u l a t e d   t h e  
w e i g h t e d  s e n s i t i v i t y  o p t i m i z a t i o n  p r o b l e m  i n  t h e  H"- 
norm. S ince   then a cons ide rab le  amount o f  work  has 
been  done  on v a r i o u s   a s p e c t s   o f   t h i s   p r o b l e m .  We r e f e r  
t h e   i n t e r e s t e d   r e a d e r   t o   t h e   r e c e n t   s u r v e y   p a p e r   o f  
F r a n c i s  and Doy le   [ 5 ]   f o r  a good e x p o s i t i o n  and a 
c o m p l e t e  b i  b l  i o g r a p h y .  F e i  n t u c h  and Franc i  s [2,3] 
showed that   H"-opt imal   cont ro l   problems  can be 
f o r m u l a t e d  and s o l v e d  f o r  1 i nea r  t ime-va ry ing  sys tems  
u s i n g  a r e s o l u t i o n  space  framework. I n   p a r t i c u l a r ,  
t h e y  showed t h e   e x i s t e n c e   o f  an o p t i m a l  c o n t r o l l e r  and 
ob ta ined  a f o r m u l a   f o r   t h e   o p t i m a l   c o s t .  
I n  a recent  paper  [4],  we have  cons idered  the 
w e i g h t e d  s e n s i t i v i t y  m i n i m i z a t i o n  p r o b l e m  f o r  l i n e a r  
per iod ic   t ime-vary ing   sys tems.   Here  we wil presen t  a 
summary o f  t h e  r e s u l t s  o b t a i n e d  i n  [41, t o   w h i c h   t h e  
r e a d e r   i s   r e f e r r e d   f o r   c o m p l e t e   d e t a i l s  and proo fs .  
Our  main r e s u l t  i s  a f a i r l y  e x p l i c i t  f o r m u l a  f o r  t h e  
m i n i m a l   w e i g h t e d   s e n s i t i v i t y .  
2.  TRANSFER  FUNCTIONS FOR P E R I O D I C  SYSTEMS 
R e s u l t s  on t r a n s f e r  f u n c t i o n  t h e o r i e s  f o r  d i s c r e t e -  
t i m e  l i n e a r  p e r i o d i c  t i m e - v a r y i n g  s y s t e m s  have  been 
obta ined  by  Davis  [l], Jury  and M u l l i n   [ 6 ] ,  Meyer  and 
Bur rus  [SI, and t h e   r e f e r e n c e s   c i t e d   t h e r e .   H e r e  we 
wil p r e s e n t   t h e   r e l e v a n t   r e s u l t s   o f   K h a r g o n e k a r ,  
Poo l l a ,  and  Tannenbaum [81, who e s t a b l i s h e d   t h e  
f u n d a m e n t a l   p r o p e r t i e s   o f   p e r i o d i c   o p e r a t o r s   f o l l o w i n g  
c e r t a i n   i d e a s   f r o m   t h e  book [lo] o f  Sz.Nagy and Foias.  
For  n>O, l e t  nn deno te   t he   vec to r  sp  ce o f  a l l  
s e q u e n c e s  { x (  k )  i n  Rn: k>O}. L e t  Rn[[z' P ]] d n o t e  t h e  
v e c t o r   s p a c e   o f   a l l   f o r m a l  power s e r i e s  i n  f f  w i t h  
c o e f f i c i e n t s   i n  Rn. As i s   w e l l  known, nn and Rn[[z-l]] 
a r e   a l g e b r a i c a l l y   i s o m o r p h i c   v i a   t h e   i s o m o r p h i s m  ( z -  
t r a n s f o r m )  
7 :  nn + Rn[[z'l]]: x + 1 x(k)z'k . m 
k=O 
L e t  A :  nn + an d e n o t e  t h e  r i g h t  s h i f t  o p e r a t o r ,  i . e . ,  
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CANADA 
( A x ) ( j )  = x ( j - 1 )   f o r  j > O  and (Ax) (O)  = 0. For  any n, 
N>O, de f i ne   t he   i somorph ism 
w :  an + (nn )N :  X + (XlyX2y.m.XN)' 
where x i  ( j )  = x (  i - 1 t N j ) .  An easy   bu t   ve ry   impor tan t  
f a c t  i s  t h a t  
WAN = AW . 
L e t  f: Om .+ nP be an m - i n p u t ,  p - o u t p u t ,  l i n e a r  
t i m e - v a r y i n g ,   c a u s a l ,   i n p u t - o u t p u t  map. The map f i s  
c a l l e d   N - p e r i o d i c  i f  and o n l y  i f  
f A N  = A N f  , 
i .e., f commuta tes  w i th  the  N- th  power  o f  t he  sh i f t  
ope ra to r .  The i n p u t - o u t p u t  map i n d u c e s   v i a  W t h e  map 
7: (om)\ +. (QP)N: i = WfW-1 . 
Now i f - f  i s   N - p e r i o d i c   t h e n  it i s  easy t o  see t h a t  
f A  = A f ,  i.e., f commutes w i t h  t h e  s h i f t  o p e r a t o r  and 
hence  de f ines  a l i n e a r   t i m e - i n v a r i a n t   s y s t e m .  It 
f o l l o w s  t h a t  we can a s s o c i a t e  a ( u n i q u F ) T E n s f e r  I 
f u n c t i o n  T ( z )  w i t h  t h e  l i n e a r  t i m e - i n v a r i a n t  map f. 
Indeed,  Tf fz)  i s   u n i q u e l y   d e f i n e d   b y  
( 1 )   T ( T ( U ) )  = T f ( z ! T ( u ) ,   f o r   a l l  u i n  (nm)N 
fo rm 
We can a1 so w r i t e  T f (  z )  i n  t h e  formal  power  ser ies 
m 
Tf (Z )  = 1 TiZ'i 
i=O 
Now f i s  causal  i f  and o n l y  i f  To i s  l o w e r  t r i a n g u l a r .  
We t h u s  s e e  t h a t  t o  any l i n e a r  p e r i o d i c  t i m e - v a r y i n g  
c a u s a l   i n p u t - o u t p u t  map we can   assoc ia te  a un ique 
t r a n s f e r   m a t r i x   T f ( z )   s u c h   t h a t   T f ( - )   i s   l o w e r  
t r i angu la r .   Converse ly ,   g i ven   any  pNxmN p r o p e r  t r a n s f e r  
m a t r i x   T ( z )   s u c h   t h a t   T ( = )   i s   l o w e r   t r i a n g u l a r ,  we can 
d e f i n e  a l i n e a r  p e r i o d i c  t i m e - v a r y i n g  m - i n p u t ,  p - o u t p u t  
map f such that  T(  z)  = T f (Z) .  
Th is   one- to-one  correspondence  between  per iod ic  
s y s t e m s   a n d   t h e   " l a r g e r "   t i m e - i n v a r i a n t   s y s t e m s   i s  
n a t u r a l   f r o m   b o t h   s y s t e m   t h e o r e t i c  and mathemat ica l  
p o i n t s   o f   v i e w .  Al t h e   s t a n d a r d   f o r m u l a e   f o r  
i n t e r c o n n e c t i o n   o f   s y s t e m s   h o l d .   A l s o  f has a f i n i t e -  
d i m e n s i o n a l   r e a l i z a t i o n  i f  and o n l y  i f  T f ( z )   i s  a 
r a t i o n a l   m a t r i x .  A p e r i o d i c   i n p u t - o u t p u t  map f i s  
c a l l e d  s t a b l e  i f  
f :  (h2) "  + ( h 2 ) p  
i s  a bounded l i n e a r   o p e r a t o r .   ( H e r e   h 2 (   n ) i s   t h e  
usua l   H i1   be r t   space   o f   square   sumab l  e sequences.) I n  
t h i s  case we d e f i n e  
b f n  = s u p { r f ( u ) n :  u i n  (h2)m, iu!< I}.  
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It can  be shown [8]  t h a t  
( 2 )  nfw = wTfRm:= s u p { o ( T f ( e j W ) ) :  w i n   [ 0 , 2 r I }  
where a (  M) d e n o t e s   t h e   l a r g e s t   s i n g u l a r   v a l u e   o f  M. It 
can   a l so  be  shown t h a t  b i s  s t a b l e  i f  and o n l y  i f  t h e  
e n t r i e s  o f  Tf be long   t o   t he   Hardy   space  H" o f  
e s s e n t i a l l y  bounded a n a l y t i c   f u n c t i o n s   i n   t h e  
complement o f  t h e  c l o s e d  u n i t  d i  s t .  
3.  WEIGHTED S E N S I T I V I T Y  M I N I M I Z A T I O N  
L e t  P be an N - p e r i o d i c   l i n e a r   t i m e - v a r y i n g   p l a n t .  
L e t  W1, W2 be   s tab le ,   causa l   N -pe r iod i c   we igh t i ng  
f u n c t i o n s   s u c h   t h a t  W1-l and WE-l e x i s t  and a r e   s t a b l e  
and  causa l .   Fo l low ing  Zames E113 , c o n s i d e r   t h e  
o p t i m i z a t i o n   p r o b l e m :  
(3) m i n i m i z e   N W ~ ( I + P C ) - ~ W ~ ~  
o v e r   a l l   i n t e r n a l l y   s t a b i l i z i n g   c o n t r o l l e r s  C. ( I t  i s  
s t r a i g h t f o r w a r d  t o  g i v e  a min imax  op t ima l   con t ro l  
i n t e r p r e t a t i o n  o f  t h i s  p r o b l e m  i n  t h e  s e t t i n g  o f  
d i s t u r b a n c e   a t t e n u a t i o n  and t rack ing   p rob lems. )  
L e t  G:=  Tp b e  t h e  a s s o c i a t e d  t r a n s f e r  m a t r i x  o f  t h e  
p e r i o d i c   o p e r a t o r  P. We wil assume t h a t  G has l e f t  
and r i g h t  c o p r i m e  f a c t o r i z a t i o n s  : 
( 4 )  G = NM-1 = M ~ - ~ N ~  
w i t h   t h e   B e z o u t   i d e n t i t i e s .  
( 5 )  UM + VN = I ,  MlUl + NlVl = I 
where   mat r ices  M, N, MI, N1, U, V, U1, VI, h a v e   e n t r i e s  
i n  H" and a r e   l o w e r   t r i a n g u l a r   a t  m. I n  o ther   words ,  
t h e v   r e D r e s e n t   s t a b l e   c a u s a l   l i n e a r   p e r i o d i c   t i m e -  
v a r y i n g '   o p e r a t o r s .  I f G i s  a r a t i o n a l   m a t r i x   ( i . e . ,  P 
i s   f i n i t e - d i m e n s i o n a l )   t h e n   s u c h   f a c t o r i z a t i o n s  and 
B e z o u t   i d e n t i t i e s   a l w a y s   e x i s t .  
W i t h   t h e s e   c o p r i m e   f a c t o r i z a t i o n s ,  
( 6 )  { K  = (VI  + MQ)(U1 - N Q ) - I :  Q w i t h  e n t r i e s  i n  H" 
such  that   Q(m) i s  l o w e r  t r i a n g u l a r }  
i s   t h e   s e t   o f   t r a n s f e r   f u n c t i o n s   o f   a l l   c a u s a l  N- 
p e r i Q d i c   i n t e r n a l l y   s t a b i l i z i n g   c o n t r o l l e r s  C. L e t  il 
and w2 r e p r e s e n t  t r a n s f e r  f u n c t i o n s  o f  t h e  w e i g h t i n g  
o p e r a t o r s  ~1 and W2.  Now us ing  thP  above 
p a r a m e t e r i   z a t i  on o f  a1 1 s t a b i  1 i z i  n g   c o n t r o l  1 e r s  and 
(Z), o u r   o p t i m i z a t i o n   p r o b l e m  becomes: 
( 7 )   m i n i m i z e   I I ~ & ( U ~  - NQ)M1Allm 
o v e r   a l l  Q w i t h  e n t r i e s  i n  H" s u c h   t h a t   Q ( - )   i s   l o w e r  
t r i a n g u l a r .  To s i m p l i f y   f u r t h e r ,  we h a v e   t h e   f o l l o w i n g  
p r o p o s i t i o n  on i n n e r - o u t e r   f a c t o r i z a t i o n s .  
( 8 )  PROPOSITION. L e t  A be  a r a t i o n a l  m a t r i x  w i t h  
e n t r i e s  i n  Hm s u c h T i a t  A l m l  i s  lower  t r i a n a u l a r .  Then - . . . . - . . . - -. . - .
7 f  A has f u l l  ., column)  rank on t h e  u n i t  
c 1  r c l e  t h e n  we can f i n d  r a t i o n a l  m a t r i c e s  Ai ,Ao 
( r e s p . , & , , i i )   w i t h   e n t r i e s   i n  H" such   t ha t  
, I  - -~ - - . I  
T 
A = AiAo ( resp.,  A = &,Ai) 
I n  o r d e r   t o   s i m p l i f y   ( 7 )   l e t  us assume t h a t  '&N i s  
f u l l  row  rank and MIWl i s  f u l l  column  rank on t h e   u n i t  
c i r c l e .   T h i s   c o r r e s p o n d s   t o   a s s u m i n g   t h a t   h e   p l a n t  Q 
t h e   w e i g h t i n g   f u n c t i o n s   a r e   f r e e   o f   z e r o s  on t h e  u n i t  
i s  f r e e  o f  p o l e s  and zeros on t h e  u n i t  c i r c l e  and t h a t  
Then it i s  easy t o  see t h a t   o u r   o p t i m i z a t i o n   p r o b l e m  
reduces t o  
( 9 )   m i n i m i z e  HT-VH, 
o v e r   a l l  V w i t h  e n t r i e s  i n  Hm such   t ha t  V(m) i s   l o w e r  
t r i a n g u l a r .  
No te   t ha t  T d o e s  n o t  n e c e s s a r i l y  h a v e  i t s  e n t r i e s  
i n  H". However, T does  have i t s  e n t r i e s  i n  L" o f   t h e  
u n i t  c i r c l e .  
B e f o r e   s t a t i n g   t h e   m a i n   r e s u l t   o f   t h i s   p a p e r ,  we 
need some n o t a t i o n  on Hankel  operators.  Given  any 
m a t r i x  A w i t h  e n t r i e s  i n  t h e  Lm o f  t h e  u n i t  c i r c l e ,  l e t  
(10) A = 1 a i z - 1  
be i t s   F o u r i e r   s e r i e s   e x p a n s i o n .   L e t   H ( A )   d e n o t e   t h e  
i n f i n i t e  Hankel m a t r i x  
m 
i =-m 
Note  that   H(A)  depends  only on t h e   p o s i t i v e   F o u r i e r  
c o e f f i c i e n t s  o f  A. 
We can now s t a t e   t h e   m a i n   r e s u l t :  
(12 )  THEOREM. Cons ide r   t he   op t im iza t i on   p rob lem  (9 ) .  
Then 
min {nT-Vu,: V w i t h  e n t r i e s  i n  H", V(m) l ower  
t r i a n g u l a r }  
where 
T h i s   r e s u l t  shows tha t   t he   m in ima l   we igh ted  
s e n s i t i v i t y  can be  computed  by o b t a i n i n g  t h e  maximum of 
norms o f  a f i n i t e   c o l l e c t i o n   o f  Hankel   operators.  I f  T 
i s  a r a t i o n a l   m a t r i x ,   t h e s e  norms  can  be ve ry  
c o n v e n i e n t l y  computed u s i n g   s t a t e - s p a c e   r e a l i z a t i o n s .  
F o r   d e t a i l s  and re levant   re fe rences ,   see   [51 .  
F i n a l l y ,  we n o t e   t h a t  it f o l l o w s   f r o m  [4,8,7] t h a t  
t h e   m i n i m a l   w e i g h t e d   s e n s i t i v i t y   c a n   n o t  be improved by 
u s i n g   a r b i t r a r y   n o n l i n e a r   t i m e - v a r y i n g   c o n t r o l l e r s .  I n  
o t h e r   w o r d s ,   s o l u t i o n   t o   t h e   o p t i m i z a t i o n   p r o b l e m   ( 3 )  
i s  no t   l owered   by   a l l ow ing  C t o  be  any n o n l i n e a r   t i m e -  
v a r y i n g  i n t e r n a l l y  s t a b i l i z i n g  c o n t r o l l e r  as compared 
t o  r e s t r i c t i n g  C t o  be a l i n e a r  p e r i o d i c  t i m e - v a r y i n g  
c o n t r o l l e r .  
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